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1. INTRODUCTION
In this paper we shall be concerned with the reaction-diffusion problem
¡ 2­ u ­ u
1.1 .s y ku¨2­ t ­ x~I .
­ ¨ 1.2 .s yku¨ ,¢
­ t
which originates from the chemical reaction
k
A q B ª C ,
of a chemical substance A, which reacts with a substrate B. If one assumes
that the reaction is governed by mass action kinetics and in addition that
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the chemical A may disperse in the substrate through diffusion, while B is
 .immobile, we arrive at a system of differential equations of the type 1.1 ,
 .1.2 for the concentrations u of A and ¨ of B. The positive constant k is
the rate constant of the reaction.
Problems of this type have been the subject of numerous investigations
 w x.see for instance 1 . In this paper we are interested in the situation when
the reaction is very fast and so we shall be studying the limiting behaviour
of the concentration profiles u and ¨ when the rate constant k tends to
infinity.
We encountered this situation in a study of the penetration of radio-
labeled antibodies into tumurous tissue, carried out for diagnostic as well
w xas therapeutic purposes 3, 8 . The dispersal represents the penetration,
which is very slow on account of the large size of the antibodies and the
reaction represents the attachment of antibodies to antigens in the tissue,
which can be very fast. A major question is to determine the penetration
depth as a function of time, since a good estimate of this quantity is
essential for interpreting radio-images and assessing therapeutic effects.
 .  .We shall study the penetration problem for Eqs. 1.1 and 1.2 , in which
 4a clean semi-infinite slab x ) 0 , in which the substrate is uniformly
 4distributed, is suddenly exposed at its surface x s 0 to the chemical A,
which then proceeds to penetrate into the slab. Thus, we consider Eqs.
 .  .1.1 and 1.2 in the half strip
S s x , t : 0 - x - `, 0 - t - T for some T ) 0, 4 .T
and we impose the initial condition
u x , 0 s 0, ¨ x , 0 s ¨ for x ) 0, 1.3 .  .  .0
where ¨ is the initial substrate concentration which will be assumed to be0
uniform throughout the slab, while at the face of the slab we impose
u 0, t s w t for 0 - t - T , 1.4 .  .  .
where w is the prescribed positive concentration of A. We shall assume
that
w t is Holder continuous, positive, and nondecreasing for t G 0. H .  .È
Under this assumption on the boundary function w, we show that the
 .  .  .  .concentration profiles u x, t and ¨ x, t , which satisfy 1.1 ] 1.4 , con-k k
verge to limit profiles as k becomes large, which solve a problem involving
a free boundary
G s x , t g S : x s z t . 4 .  .T T
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Specifically we prove that there exist functions U and V such that
u x , t ª U x , t and ¨ x , t ª V x , t as k ª `, 1.5 .  .  .  .  .k k
where the convergence of the functions u is uniform on compact sets ink
 .4S _ 0, 0 and the convergence of the functions ¨ is uniform on compactT k
sets in S _ G .T T
To describe the limit functions U and V we define the sets
S s x , t g S : 0 - x - z t and 4 .  .q T
S s x , t g S : x G z t . 4 .  .0 T
 .i In S , the function U satisfies the free boundary problem,q
U s U , U ) 0 in S¡ t x x q
U 0, t s w t for 0 F t F T .  .
U z t , t s 0 for 0 F t F T . .
~ 1FB .
z 9 t s y U z t , t for 0 F t F T .  . .x¨ 0
z 0 s 0 .¢U x , 0 s 0 for x ) 0. .
The function V is given by
V x , t s 0 for x , t g S . 1.6 .  .  .q
 .ii In S , the functions U and V are given by0
U x , t s 0 and V x , t s ¨ for x , t g S . 1.7 .  .  .  .0 0
 .The limit problem FB is the classical one phase Stefan Problem, with
w xlatent heat equal to ¨ , which is very well understood 4, 9, 10 . Thus, as k0
becomes large a free boundary develops in the concentration profiles uk
and ¨ , which moves steadily forward into the substrate.k
 .  .An interesting property of the solutions of Problem 1.1 ] 1.4 is that
the limiting behaviour of solutions for k ª ` is closely related to the
limiting behaviour of solutions for large time. This can be explained by a
scaling argument, which is given in Section 5. There it is shown that if
w t ª w as t ª `, .
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where w is a positive constant, then
u x , t ª u x , t and ¨ x , t ª ¨ x , t as t ª `, 1.8 .  .  .  .  .
 .where u and ¨ are the solutions of Problem FB in which the boundary
condition has been replaced by
u 0, t s w for t ) 0. 1.9 .  .
The functions u and ¨ are of self-similar form; they are given by
’u x , t s f h and ¨ x , t s g h , h s xr t , .  .  .  .
where
h1¡ 2 2a r4 ys r4w y ¨ ae e ds, 0 - h - a, 1.10a .H0~ 2f h s . 0¢0 h G a, 1.10b .
 .in which a is the unique zero of the right hand side of 1.10a , and
g h s 0 if h - a and g h s ¨ if h ) a. 1.11 .  .  .0
 . qThe convergence of u in 1.8 is uniform on R and the convergence of ¨
is uniform on sets of the form
’ ’P s x , t : a t F x F b t , t G 0 , 0 F a - b , . 4a , b
’which do not contain the free boundary x s a t .
In the last two sections of this paper we extend these results to the more
general reaction-diffusion system
u s u y kuf ¨ .t x xI* .  ¨ s ykuf ¨ .t
n w .. 1 .  .in which f g C 0, ` l C 0, ` 0 - n - 1 has the properties
 .  .  .Hf-1 f 0 s 0 and f r ) 0 for all r ) 0;
 .  .Hf-2 f 9 r ) 0 for all r ) 0.
Of particular interest is the case when in addition f satisfies
 . ¨   ..Hf-3 H dsrf s - `.0
 .Then for each x G 0, the profile ¨ x , t vanishes after finite time and0 0
thus a free boundary appears. We show that as k ª `, this free boundary
 .  .converges pointwise to the free boundary z t of the Stefan problem FB .
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The problem of characterising the limiting concentration profiles in
reaction-diffusion processes when the reaction rate constant k tends to
w xinfinity has been studied before by formal methods; see for instance 11 .
w xIn a recent study 2 the authors use methods which are similar to those
used here. However, in that study the emphasis lies more on the limiting
  ..behaviour of the function z}in our notation cf. 2.1 . The relation with
the large time behaviour is not explored.
2. AN ALTERNATIVE FORMULATION
 .  .It is convenient to transform Problem 1.1 ] 1.4 to a new problem,
involving only a single parabolic equation, by introducing the new variable
t
z x , t s u x , s ds. 2.1 .  .  .H
0
 .  .  .Suppose that u, ¨ is a classical solution of 1.1 ] 1.4 in S . Then oneT
 .readily finds that the function z, defined by 2.1 , satisfies
¡ yk z 2.2a .z s z y ¨ 1 y e in S .t x x 0 T
tdef~ 2.2b .II z 0, t s c t s w s ds for 0 - t - T .  .  .  .H
0¢ 2.2c .z x , 0 s 0 for 0 - x - `. .
 .On the other hand, suppose that z is a classical solution of Problem II .
 .Then the pair of functions u, ¨ defined by
u s z and ¨ s ¨ eyk z 2.3 .t 0
 .  .  .can be seen to be a solution of Problem 1.1 ] 1.4 . Differentiating 2.2a
 .and 2.3 with respect to t yields the system
u s u y k¨ eyk zut x x 0
¨ s yk¨ eyk zut 0
 .  .from which we obtain 1.1 and 1.2 when we substitute the expression for
 .¨ from 2.3 .
The lateral boundary condition follows at once when we differentiate
 .2.2b with respect to t and the initial conditions follow when we substitute
 .  .  .2.2c into 2.2a and 2.3 .
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 .  .  .  .Thus the problems 1.1 ] 1.4 and 2.2a ] 2.2c are equivalent, in that if
 .  .  .  .u, ¨ is a solution of 1.1 ] 1.4 then z defined by 2.1 is a solution of
 .  .  .  .2.2a ] 2.2c , and conversely, if z is a solution of 2.2a ] 2.2c , then the
 .  .  .  .pair u, ¨ defined by 2.3 is a solution of 1.1 ] 1.4 .
We shall first carry out the analysis for functions w which satisfy the
hypothesis
2q1 ww g C 0, ` , w9 G 0, w 0 s 0, w9 0 s 0. H.  .  .  . . 0
By an approximation argument we shall show that the main results of the
 .paper continue to hold for functions w, which satisfy H .
w xFrom classical theory 7 we know that for functions w which satisfy
2qa , 1qa r2 .  .  .hypothesis H , Problem I has a unique solution z g C S l0 T
` .  .C S , 0 - a - 1 . In view of the equivalence established above, thisT
 .  .implies that Problem 1.1 ] 1.4 has a unique classical solution.
A simple application of the maximum principle yields the following
uniform bounds for z.
LEMMA 2.1. We ha¨e
0 - z x , t F c T E x , t in S , .  .  . T
where
`1 2ys r4E x , t s e ds. 2.4 .  .H’p ’xr t
Proof. The lower bound follows from the strong maximum principle,
since z s 0 is a solution and w ) 0.
 .  .  .Since the term involving ¨ in 2.2a is positive and c t - c T on0
w x0, T because w ) 0, it follows that z is bounded above by the solution
 .c T ? E, where E is the solution of the heat equation with zero initial
 .value and E 0, t s 1 on the lateral boundary, as asserted.
In the next lemma we derive a monotonicity property of z with respect
to k, under the following, weaker, condition on c :
wc g C 0, ` and c 0 s 0. H.  .  . . 1
 .LEMMA 2.2. Let z and z be the solutions of Problem II corresponding1 2
 .to respecti¨ ely k and k , and let c satisfy H . Then1 2 1
k F k « z G z in S .1 2 1 2 T
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Proof. Define
L z s z y ¨ 1 y eyk 1 z y z . .  .x x 0 t
Then
L z s 0 .1
and
L z s z y ¨ 1 y eyk 1 z2 y z .  .2 2 x x 0 2 t
s ¨ eyk 1 z2 y eyk 2 z2 .0
G 0,
because by assumption k F k . Hence z is a subsolution of the equation1 2 2
 .L z s 0. Since z and z coincide on the parabolic boundary, it follows1 2
that z G z in S .1 2 T
 .  .COROLLARY 2.3. Problem II , in which c satisfies H , has at most one1
solution.
We conclude this section with a series of estimates for z and its
derivatives, which are uniform in S and k, and which will be used inT
determining the limiting behaviour of z as k ª `.
 .LEMMA 2.4. Let z be the solution of Problem II . Then
 . < < < <   . 4a 0 - z - w T in S , where w s sup w t : 0 - t - T .` `T
 . < <b 0 - z - w in S .`t T
 . < <c 0 - z - w q ¨ in S .`x x 0 T
 .   . < < .41r2d y 2c T w q ¨ - z - 0 in S .` 0 x T
 .Proof. Part a follows at once from Lemma 2.1.
 .  .b Differentiation of 2.2a with respect to t yields for u s zt
u s u y k¨ eyk zut x x 0
u 0, t s w t and u x , 0 s 0. .  .  .
< <Since u s 0 and u s w are respectively a sub- and a supersolution of`
this problem, the assertion follows.
 .  .c We write 2.2a as
z s z q ¨ 1 y eyk z . .x x t 0
 .  .The assertion now follows at once from Parts a and b .
 .  .  .d By Parts a and c ,
z 0, t - z x , t - 0 for x ) 0. 2.5 .  .  .x x
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< <  .Set M s w q ¨ and z 0, t s ya . Then` 0 x
1
2z x , t - c t y a x q Mx . 2.6 .  .  .
2
 .If a ) 0, then the right hand side of 2.6 takes on its minimum value at
x s arM and0
a 2
z x , t - c t y . .  .0 2 M
Because z G 0, it follows that
’ ’yz 0, t s a - 2 Mc t F 2 Mc T .  .  .x
 .and the assertion follows from 2.5 .
COROLLARY 2.5. There exists a constant C ) 0, which does not depend on
k, such that
z x , t , z x , t - CE x , t in S , .  .  .k x k t T
 .where E has been defined in 2.4 .
 .Proof. Differentiation of Eq. 2.2a for z with respect to x yields for
u s z :x
u s u y ¨ keyk zu .t x x 0
It is now evident that we can repeat the argument from the proof of
Lemma 2.1 to prove the assertion. For z the same argument applies.t
 .To complete this section we assume that w merely satisfies H . Then we
 .can approximate w by functions w which all satisfy H and are chosenj 0
such that
 .  . < <i w t F w for all t G 0;`j
 .  .  .ii w t ª w as j ª ` uniformly on compact subsets of 0, ` .j
 .Let z be the solution of Problem II , which corresponds to w . Sincej j
< <the bounds in Lemma 2.4 merely depend on w , it follows that z, z , z ,` x x x
and z are uniformly bounded in S , so that by compactness there exists at T
 4convergent subsequence z and a function z such thatj9
z ª z as j9 ª `.j9
< < < < < <By Lemmas 2.1 and 2.4, z , z , z are bounded, and the convergence isk k x k t
uniform in S . ThusT
¨ eyk z j9 ª ¨ eyk z as j9 ª `,0 0
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uniformly in S , so that by standard regularity theoryT
z ª z as j9 ª ` in C 2, 1 K , .j9
 .4for any compact subset K of S _ 0, 0 .T
 .Plainly, z satisfies Problem II and by Corollary 2.3, it is the unique
 .solution of Problem II . Consequently, the entire sequence z convergesj
` .to z as j ª `. It follows from a bootstrap argument that z g C K for
 . w x4  .4any compact subset K of 0, ` = 0, T _ 0, 0 .
Finally, we note that z satisfies all the bounds of Lemma 2.4; by the
maximum principle the inequalities are still strict.
 .  .Remark 2.6. In Section 5, we shall study Problems I and II for a
 .family of boundary functions w , which also depend on the parameter kk
 .  .in Eq. 2.2a , each satisfying H . They converge pointwise to a function w,
 .  .which also satisfies H , as k ª `. For the ensuing solutions z thek
estimates of this section remain valid, except that the monotonicity with
respect to k may be lost.
3. THE LIMITING BEHAVIOUR IN THE ALTERNATIVE
PROBLEM
 .In this section we shall denote the solution of Problem II by z , thusk
emphasizing its dependence on k. The estimates of the previous section
now put us in a position to determine the limiting behaviour of the family
 4z : k ) 0 as k ª `. In doing so we follow the line of argumentk
w xpresented in 6 to analyze the one-phase Stefan problem.
From Lemma 2.1 and Corollary 2.5 we conclude by compactness that
 .there exist a sequence z and a function Z such thatk
z ª Z as k ª `, 3.1 .k
uniformly on S . This function Z will be the unique solution of a limitT
 4problem, so that in fact the entire family z : k ) 0 will converge to Z.k
Before stating this limit problem we must introduce some notation. We
write
S s x , t g S : 0 - x - R , R ) 0, 4 .T , R T
and
K s w g L` S : w G 0 . 4 .T
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2, 1 .We shall denote by W S the Sobolev space of functions w, which,p T , R
p .together with their derivatives w , w , and w , belong to L S . Thex x x t T , R
limit problem can now be formulated as follows.
` 2, ` .. 1 .Problem P. Find z g L 0, T ; W 0, ` l H S l K such thatT
z g K 3.2a .t
yz q z q ¨ w y z G 0 a.e. in S for all w g K 3.2b .  .  .x x t 0 T
z 0, t s c t for 0 - t - T 3.2c .  .  .
z x , 0 s 0 for 0 - x - ` 3.2d .  .
w xz x , t ª 0 as x ª ` uniformly on 0, T . 3.2e .  .
 .THEOREM 3.1. The function Z defined in 3.1 is the unique solution of
Problem P. In addition,
aZ g C S for any a g 0, 1 . 3.3 .  . .T
Proof. The uniform bounds of Lemma 2.4 for z , z , and z ensurek x k x x k t
1, ` .that there exists a function x g W S such that for any p ) 1 andT
R ) 0,
z ª x weakly in W 2, 1 S as k ª ` 3.4 .  .k p T , R
 .along a subsequence of the sequence for which 3.1 holds. We conclude
that x s Z. This, together with Lemma 2.1 and Corollary 2.5, proves that
Z lies in the required space. The Holder continuity of Z follows fromÈ
Sobolev's imbedding theorem.
 .  .Part 3.2a follows from Lemma 2.4 b .
 .  .To prove 3.2b we write Eq. 2.2a as
yz q z q ¨ s yb z , 3.5 .  .k x x k t 0 k k
 . yk s  .where b s s y¨ e , and multiply 3.5 by w y z , choosing w gk 0 k
` .L S and w G d for some d ) 0. This yields the expressionT
yz q z q ¨ w y z .  .k x x k t 0 k
s b w y b z w y z y b w w y z . 4 .  .  .  .  .k k k k k k
Because
b w y b z w y z G 0, 4 .  .  .k k k k
we conclude that
yz q z q ¨ w y z G yb w w y z . 3.6 .  .  .  .  .k x x k t 0 k k k
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 .  .  .If we now let k tend to infinity in 3.6 we obtain in view of 3.1 and 3.4
 .the desired inequality for functions w G d in K. The proof of 3.2b is
completed by letting d ª 0.
 4The last three assertions follow from the uniform convergence of z tok
Z in S and from the fact that z s c at x s 0 and z s 0 at t s 0 andT k k
from Lemma 2.1.
wThat Problem P has only one solution can be shown exactly as in 6,
xLemma 2.6, p. 285 , where we take for the set K*, used in that proof, the
 .  .functions w g K which are continuous in S and satisfy w 0, t s c tT
and w - CE for some constant C.
4. THE LIMITING BEHAVIOUR OF u AND ¨k k
In this section we return to the original dependent variables u and ¨ ,k k
and determine their limiting behaviour as k ª `. One can identify Prob-
lem P with the standard Stefan problem in one space dimension:
u s u in S¡ t x x q
u 0, t s w t for 0 F t F T .  .
u z t , t s 0 for 0 F t F T . .
~ 1FB .
z 9 t s y u z t , t for 0 F t F T .  . .x¨ 0
z 0 s 0 .¢u x , 0 s 0 for x ) 0. .
 .  .Problem FB is known to have a unique solution U, z in which U is
 .  .smooth up to the free boundary z t , and z t is smooth and strictly
 . w xincreasing, and z 0 s 0 6, 9 .
w xAs it is done in 6, pp. 278]280 , one can check that the function Z :
S ª R defined byT
Z x , t s 0 in x , t g S : x ) z t 4 .  .  .T
t
Z x , t s U x , t dt for x ) 0, s x F t F T , .  .  .H
 .s x
 . y1 .in which s x s z x , is the unique solution of Problem P.
 .In what follows we shall extend U by zero in the set x, t g
 .4S : x ) z t . Note that U and Z have the same support and that U s ZT t
in S .T
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The function U will prove to be the limit of the functions u . For thek
limit V of the functions ¨ we setk
V s 0 in S and V s ¨ in S .q 0 0
We are now ready to state the main result of this section.
 .THEOREM 4.1. Suppose that w satisfies the hypothesis H . Then
u ª U uniformly in compact subsets of S _ 0, 0 , 4 .k T
¨ ª V uniformly in compact subsets of S _ G .k T T
 .If w satisfies the stronger hypothesis H , then0
u ª U uniformly in S .k T
In what follows we first prove some auxiliary lemmas.
LEMMA 4.2. We ha¨e
 .a u s z F 0 and u s z G 0 in S .x t x t t t T
 . yk z yk zb ¨ s yk¨ e z ) 0 and ¨ s yk¨ e z - 0,x 0 x t 0 t
where we ha¨e omitted the subscript k from u, ¨ , and z.
 .  .Proof. Part b follows at once from 2.3 and Lemma 2.4.
 .  .a We first consider the case that w satisfies hypothesis H .0
The function m s u satisfies the differential equationx
m y k¨ eyk zm y m s yk 2 ¨ eyk zz u ) 0 for x ) 0, t ) 0x x 0 t 0 x
and since w is nondecreasing, u attains for each t ) 0 its maximum in
w . w x  .0, ` = 0, t at the point 0, t , so that
m 0, t - 0 for t ) 0. .
Since furthermore
m x , 0 s 0 for x ) 0 .
it follows that
u s m - 0 for x ) 0, t ) 0.x
Next consider the function n s u . It satisfies the equationt
n y k¨ eyk zn y n s yk 2 ¨ eyk zz u - 0 for x ) 0, t ) 0x x 0 t 0 t
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and
n 0, t s w9 t G 0 for t ) 0, .  .
together with
n x , 0 s 0 for x ) 0. .
Therefore
u s n ) 0 for x ) 0, t ) 0.t
 .In the general case, when w satisfies hypothesis H , we know from the
results of the previous section that
u ª u as j ª `, uniformly in compact sets of S _ 0, 0 , 4 .j T
so that
u F 0 and u G 0 in 0, ` = 0, T . .  .x t
 .Proof of Theorem 4.1. Recall from 2.3 and Lemma 2.1 that
yk zk x¨ s ¨ e g 0, ¨ .k 0 0
 .  .4Let V be an arbitrary compact subset of x, t : 0 - t - T , 0 F x - z t .
 4Then there exists a d ) 0 such that z ) 2d in V. Since z converges to zk
uniformly in V as k ª `, it follows that
z ) d in V for k large enough.k
Thus
0 F ¨ F ¨ eyk d in V ,k 0
so that ¨ converges to zero uniformly in V.k
The functions u satisfyk
u y u s yh ,t x x k
where
yk zk < < yk dh s ku ¨ s ku ¨ e - w ¨ ke F C in V , 4.1 .`k k k k 0 0
w x  . a , a r2 .so that by 7 , the sequence u is uniformly bounded in C V fork
 .  .each a g 0, 1 . Thus, along a subsequence, u converges uniformly ink
V, to some function u*. Because z ª z as k ª ` we must have u* s U.k
y1 .Fix « ) 0, r ) 0, set h s z r , and choose a smooth arc G s« , r
1  . 4  .g t : h F t F T in S , such that g h F r and 0 - U - « on G . ForT « , r2
V we now choose
V s x , t : 0 F x F g t , h F t F T . 4 .  .
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Then by the previous argument, it is possible to find a k ) 0 such that if«
k ) k ,«
1
< <u y U - « in V .k 2
1  .  . 4Since u F 0 and U - « in the set x, t : x G g t , h F t F T itk x 2
follows that
< <  4u y U - « in S l t G h . 4.2 .k T
 . 4To prove uniform convergence in the strip x, t : x G r, 0 F t F h , we
observe that because u ) 0,k t
0 F u x , t F u x , h F u x , h y U x , h q U x , h - « , .  .  .  .  .k k k
 .  . y1 .since U x, h s 0 for all x G r G g h . Because h s z r ª 0 as r ª
0, this completes the proof of the uniform convergence of u to U ink
 .4compact subsets of S _ 0, 0 .T
 .When w satisfies the stronger hypothesis H , we choose r so small0
1 .  .that w h - « . Then, since u - 0 and U F 0 it follows that u x, h ,k x x k2
1 .U x, h - « for all x G 0 so that2
1 1
u x , t - « and U x , t - « for x G 0, 0 F t F h . .  .k 2 2
From this we conclude the uniform convergence of u to U in S .k T
 .Finally we consider the sequence ¨ in S . Let t g 0, T and letk 0
` .   . .c g C 0, ` have compact support in z t , ` . We multiply the equation
¨ y u q u s 0 . t x x
 .   . .  .by c and integrate over the rectangle Q t s z t , ` = 0, t . We then
obtain
` `
¨ x , t c x dx y ¨ c x dx .  .  .H Hk 0
 .  .z t z t
` `t
y u x , t c x dx q u c 0 s 0. .  .H H Hk k
 .  .z t 0 z t
 .Since u ª 0 as k ª ` uniformly in Q t , we deduce thatk
`
¨ x , t y ¨ c x dx ª 0 as k ª `. 4.3 4 .  .  .H k 0
 .z t
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Since ¨ ) 0 this implies thatk x
¨ x , t ª ¨ as k ª `, uniformly on z t q d, ` .  . .k 0
for any d ) 0.
We also know from Lemma 4.2 that ¨ - 0. Hencek t
w x¨ x , t ª ¨ as k ª `, uniformly in z t q d, ` = 0, t . .  . .k 0
This completes the proof of Theorem 4.1.
5. LARGE TIME BEHAVIOUR
In this section we shall show how the results of the previous sections can
be used to determine the asymptotic behaviour of solutions of Problem
 .  .1.1 ] 1.4 . The main ingredient is a scaling technique, originally due to
w xKamin 5 .
 .  .  .Suppose that u, ¨ is a solution of 1.1 ] 1.4 for some fixed k ) 0.
Then the scaled pair of functions
u x , t s u lx , l 2 t , ¨ x , t s ¨ lx , l 2 t , l ) 0 .  .  .  .l l
solves the system
u s u y l 2 ku¨ 5.1 .t x x
2 5.2 .¨ s yl ku¨ .t
Moreover, the initial and boundary conditions become
u x , 0 s 0, ¨ x , 0 s ¨ for x ) 0, 5.3 .  .  .0
and
u 0, t s w t s w l 2 t for t ) 0. 5.4 .  .  .  .l
Suppose that it is given that
w t s w for all t G 0, 5.5 .  .
where w is some positive constant. Then for any l ) 0,
w t s w for all t G 0. 5.6 .  .l
 .  .If we now let l tend to infinity in 5.1 ] 5.4 , we find by means of the
results of the previous sections that
u ª U, ¨ ª V as l ª `,l l
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 .where U is the solution of Problem FB on S for some T ) 0, withT
boundary condition
u 0, t s w for 0 - t - T .
and
0, 0 F x - z t .
V x , t s .  ¨ , elsewhere in S .0 T
 4  .4For u the convergence is uniform in compact subsets of S _ 0, 0 ,l T
 4while for ¨ the convergence is uniform in compact subsets of S _ G .l T T
Therefore if we choose T G 1 and fix t s 1 we obtain
u lx , l 2 ª U x , 1 as l ª `, 5.7 .  .  .
w .uniformly on 0, ` . If we now set
l 2 s s and lx s y ,
we find that
y
u y , s ª U , 1 as s ª `, 5.8 .  . /’s
w .  .uniformly on 0, ` . Thus u x, t indeed has self-similar form, i.e.,
’U s f h , where h s xr t , .
’ .and its interface is of the form z t s a t . The explicit expression for f , as
 .well as the value of a are given by 1.10 .
Similarly,
¨ lx , l 2 ª V x , 1 as l ª `, 5.9 .  .  .
 .  .uniformly on compact sets in 0, a j a, ` , so that
y
¨ y , s ª V , 1 as s ª `, 5.10 .  . /’s
uniformly on sets of the form
’ ’P s y , s : a s F y F b s , s G 0 , 0 F a - b , . 4a , b
such that either b - a or a ) a. Thus the function V is also of self-similar
form: its explicit expression is given by
V s g h , .
 .where the explicit expression for g is given by 1.11 .
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 .  .If w t is not a constant, as was assumed in 5.5 , but converges to w
from below,
w t ª w as t ª `, .
then for any given t ) 0
w t ª w as l ª ` .l
 .and a minor modification of the previous arguments see Remark 2.6
 .shows that 5.10 still holds.
Thus we have proved
 .  .  .THEOREM 5.1. Suppose that u, ¨ is the solution of Problem 1.1 ] 1.4
 .in which w satisfies hypothesis H and in addition
w t ª w as t ª `. .
Then
x x
u x , t ª f and ¨ x , t ª g as t ª `, .  . /  /’ ’t t
 .  .where f and g are gi¨ en by respecti¨ ely 1.10 and 1.11 . The con¨ergence of u
w .is uniform with respect to x g 0, ` and the con¨ergence of ¨ is uniform on
sets of the form
’ ’P s x , t : a t F x F b t , t G 0 , 0 F a - b , . 4a , b
’which do not contain the free boundary x s a t .
6. A GENERALISATION
 .The results established in the previous sections for Problem I can be
generalised to the system
u s u y kuf ¨ . 6.1 .t x xI* .  ¨ s ykuf ¨ 6.2 .  .t
n w .. 1 .  .in which f g C 0, ` l C 0, ` , 0 - n - 1 has the properties
 .  .  .Hf-1 f 0 s 0 and f r ) 0 for all r ) 0;
 .  .Hf-2 f 9 r ) 0 for all r ) 0.
A typical example, which we shall often use to illustrate our results, is
f r s r p , p ) 0. 6.3 .  .
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 .As in Section 2, we transform I* to a problem in terms of the variable
t
z x , t s u x , s ds. .  .H
0
 .  .  .If we subtract 6.2 from 6.1 and integrate with respect to t over 0, t , we
obtain
t
u x , t s u x , s ds q ¨ x , t y ¨ , .  .  .H x x 0
0
or
z s z q ¨ y ¨ . 6.4 .t x x 0
 .To express ¨ in terms of z we solve the ODE 6.2 . We introduce the
function
¨ dr0def
F ¨ s when ¨ ) 0. 6.5 .  .H f r .¨
 .  .Since f r ) 0 if r ) 0, F is strictly decreasing on 0, ¨ , so that0
lim F ¨ exists s L, .
¨ x0
 .  .where L may be infinite p G 1 or finite p - 1 . Thus, we can write the
 .solution of 6.2 as
def y1F kz if kz - L, .¨ s G kz s 6.6 .  . 0 if kz G L.
 . p  .If f r s r p ) 0 , we obtain
 .y1r py1py1¨ s ¨ 1 q p y 1 ¨ kz if p / 1. . 4 .0 0 q
 .  .If we substitute 6.6 into 6.4 and remember the initial and boundary
conditions on z, we obtain the desired problem for z:
¡z s z y ¨ y b z .t x x 0 k~z 0, t s c t for 0 - t - TII*  .  . .¢z x , 0 s 0 for 0 - x - `, .
where
b z s yG kz . 6.7 .  .  .k
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LEMMA 6.1. We ha¨e
 . 1w ..a G g C 0, ` ,
 .  .   ..b G9 w s yf G w F 0 for 0 F w - `,
 .  .c G w ª 0 as w ª `.
Proof. We have
¨ dr0
F y s for 0 - y F ¨ . . H 0f r .y
Thus, because
Fy1 F y s y for 0 - y F ¨ . . 0
we obtain
Fy1 9 F y F9 y s 1 for 0 - y F ¨ .  .  . . 0
so that
Fy1 9 F y s yf y for 0 - y F ¨ .  .  . . 0
 .or, if we set F y s w,
Fy1 9 w s yf Fy1 w for 0 F w - L. 6.8 .  .  .  . .
w .. 1 . y1Since f g C 0, ` , F g C 0, ` , and F9 - 0 it follows that F g
1  . .C F ` , L and that
lim Fy1 9 w s y lim f y s 0. .  .  .
w­ L y x0
1  . .  .Therefore G g C F ` , ` . Because F ` - 0 the differentiability is
w .  .  .proved. The second assertion follows for 0, L from 6.8 , for L, ` from
the fact that G s 0 and for L from the continuity of G9.
The last assertion is clear from the definition of G.
By an analogous argument to that given in Section 2, one can show that
 .  .the problems I* and II* are equivalent.
The properties of G established in Lemma 6.1 enable us to carry
through the analysis of Sections 2 and 3 in an identical manner. In
2qa , 1qa r2 .particular we note that z g C S and thatT
z - 0 and z ) 0 in S . 6.9 .x t T
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 .Because the solutions u , ¨ are now less smooth, the proof of Lemmak k
4.2 can no longer be given. However, we can still prove the following
monotonicity properties.
LEMMA 6.2. For e¨ery k ) 0 and h ) 0, we ha¨e
u x , t q h ) u x , t in S , a .  .  .k k T
u x q h , t - u x , t in S , b .  .  .k k T
¨ x , t q h F ¨ x , t in S , c .  .  .k k T
¨ x q h , t G ¨ x , t in S . d .  .  .k k T
 .Proof. a We have
u s u y c x , t u in S , .t x x T
where
c x , t s b9 z x , t , .  . .
and where we have dropped the subscript k. Set
u x , t s u x , t q h . .  .
Then
u s u y c x , t q h u in S . .t x x T
At the parabolic boundary we have
u 0, t s w t F w t q h s u 0, t q h s u t .  .  .  .  . 6.10 .
u x , 0 s 0 F u x , h s u x , 0 . .  .  .
To compare the coefficients of u and u in the equation we recall from
Lemma 6.1 that
b9 z s ykG9 kz s kf G kz . .  .  . .
 .Hence, by 6.9 ,
b9 z x , t q h s kf G kz x , t q h .  . .  . .
F kf G kz x , t s b9 z x , t . .  . .  . .
Hence
c x , t q h - c x , t . .  .
For w s u y u we now derive the differential inequality
w s w y c x , t w y c x , t q h y c x , t u ) w y c x , t w. 4 .  .  .  .t x x x x
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 .Since by 6.10 ,
w 0, t G 0 and w x , 0 G 0, .  .
it follows from the maximum principle that w ) 0 in S and henceT
u x , t q h ) u x , t in S . .  . T
 .  .  .  .b Here we proceed as in a , setting u x, t s u x q h, t . Then, forÄ
w s u y u we obtainÄ
w F w y c x , t w .t x x
 .  .because now z F 0 and so c x q h, t y c x, t G 0. Because w is nonde-x
creasing it follows from the maximum principle that
u x , t - w t , .  .
 .  .so that w 0, t - 0 and it is plain that w x, 0 s 0. Thus, again by the
maximum principle, w - 0 in S and henceT
u x q h , t - u x , t in S . .  . T
 .  .  .The inequalities c and d for ¨ can be obtained directly from 6.9k
 .and the explicit expression 6.6 of ¨ in terms of z .k k
 .To establish the estimate corresponding to 4.1 we need to prove that
< <h s ku f ¨ - w kf G kd - C , .  . .`k k k
for some constant C which does not depend on k. Set y s kd . Then this
amounts to showing that for some M ) 0,
yf G y - M for y G 0. 6.11 .  . .
If G has compact support this is obvious. If not, then G s Fy1, and we
 .  .can define ¨ ) 0 by y s F ¨ . The upper bound 6.11 can now be written
as
F ¨ f ¨ - M for 0 - ¨ - ¨ , .  . 0
or
¨ ds0
f ¨ - M for 0 - ¨ - ¨ . 6.12 .  .H 0f s .¨
 .  .  .Since s ) ¨ and f is nondecreasing, f s G f ¨ , so that 6.12 holds for
M G ¨ .0
Section 5 remains unchanged.
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7. ASYMPTOTICS OF THE INTERFACE
 .When the function f in Problem I* is such that
¨ ds
- `, Hf-3 .H f s .0
we can define
¨ ds
F ¨ s - ` . H0 f s .0
and, proceeding as in Section 6, write
y1¨ s F F ¨ y kz , 7.1 .  . 4k 0 0 0 k q
 .where z is the solution of the corresponding Problem II* . Because z isk k t
positive and uniformly bounded in S , it follows that u ) 0 in S and inT k T
 .view of 7.1 , that ¨ ) 0 in some strip S , where t is small enough. Since,k t 00
in addition, u is nondecreasing with respect to t by Lemma 6.2, it followsk
that for every k ) 0 and every x G 0,
z x , t ª ` as t ª `. .k
 .  .Hence, by 7.1 , ¨ x, t s 0 for t large enough andk
def
t x s sup t ) 0 : ¨ x , t ) 0 - `, x G 0. 4 .  .k k
 .By the continuity of z and 7.1 , it follows thatk
z x , t x s ky1F ¨ , x G 0. .  . .k k 0 0
Remembering that z ) 0 and z - 0 for x G 0 and t ) 0, it followsk t k x
from the Implicit Function Theorem that
z x , t x t X x q z x , t x s 0, x G 0 .  .  . .  .k t k k k x k
so that
z x , t x . .k x kXt x s y ) 0, x G 0. .k z x , t x . .k t k
Thus, t is strictly monotone and we can define its inversek
x s z t s ty1 t , for t G t 0 . .  .  .k k k
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Therefore
1
Xz t s ) 0 for t G t 0 .  .Xk kt z t . .k k
1qa r2w  . ..and z g C t 0 , ` .k k
LEMMA 7.1. For each t ) 0,
lim inf z t G z t . .  .k
kª`
Proof. Suppose to the contrary that there exists a t ) 0 and a se-0
 4quence k such thatn
z t ª z - z t as k ª `. .  .k 0 0 0 nn
Let
1
x s z q z t . 4 .0 0 02
 . dThen x - z t and hence there exist constants d ) 0 and k such that0 0
z x , t ) d ) 0 for k ) k d . 7.2 .  .k 0 0
On the other hand
k z x , t - F ¨ , .  .n k 0 0 0 0n
so that
z x , t ª 0 as k ª `. 7.3 .  .k 0 0 nn
 .  .Plainly, 7.2 and 7.3 are contradictory.
LEMMA 7.2. For each t ) 0,
lim sup z t F z t . .  .k
kª`
Proof. Suppose not. Then there exists a time t ) 0 and a sequence1
 4k such thatm
z t ª z ) z t as k ª `. .  .k 1 1 1 mm
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Choose
1¡
z q z t ) z t if z - ` 4 .  .1 1 1 1~x s 21 ¢s 1 q z t if z s `. .1 1
Then there exists an m* ) 0 such that
z t ) x when m ) m*, .k 1 1m
 4and hence, by the uniform convergence of ¨ in compact sets away fromk
the interface,
¨ x , t ª ¨ as k ª `. .k 1 1 0 mm
Since ¨ is nondecreasing in x by Lemma 6.2,k
¨ x , t F ¨ z t , t F ¨ for all k when m ) m*, .  . .k 1 1 k k 1 1 0 mm m m
and it follows that
¨ z t , t ª ¨ as k ª `. . .k k 1 1 0 mm m
Hence there exists a k* such that
1
¨ z t , t G ¨ for all k ) k*. . .k k 1 1 0 mm m 2
However, by definition
¨ z t , t s 0 for all k , . .k k 1 1 mm m
so that we have a contradiction.
Thus we have proved
 .  .THEOREM 7.3. Let u , ¨ be the solution of Problem I* in which fk k
 .  .  .satisfies the hypotheses Hf-1 , Hf-2 , and Hf-3 . Suppose that the interface
 .  .of the functions ¨ is denoted by x s z t and that of Problem FB by z .k k
Then for each t ) 0,
z t ª z t as k ª `. .  .k
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